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Spin current is a central theme in spintronics, and its generation is a keen issue. The spin-polarized
current injection from the ferromagnet, spin battery, and spin Hall effect have been used to generate
spin current, but Ohmic currents in the normal state are involved in all of these methods. On the
other hand, the spin and spin current manipulation by the supercurrent in superconductors is a
promising route for dissipationless spintronics. Here we show theoretically that, in two-dimensional
superconductors with Rashba spin-orbit interaction, the generation of dissipationless bulk spin cur-
rent by charge supercurrent becomes highly efficient, exceeding that in normal states in the dilute
limit, i.e. when the chemical potential is close to the band edge, although the spin density becomes
small there. This result manifests the possibility of creating new spintronic devices with long-range
coherence.
In spintronics, spin current plays an essential role to
transfer the information associated with the spin degrees
of freedom. Therefore the generation of spin current is
an important issue, and several methods have been pro-
posed and experimentally verified [1]. Various methods,
such as the spin polarized current injection from the fer-
romagnet [2–4], spin battery [5–9], and spin Hall effect
[10–16], have been employed to generate the spin current.
It has been proposed also that the spin current second
order in the electric field can be generated in noncen-
trosymmetric systems with spin-orbit interaction [17, 18].
The spin currents mentioned above are either carried by
itinerant electrons through dissipative electric currents,
or by localized magnetic moments through exchange in-
teractions. However, there can also be non-dissipative
spin current in itinerant-electron systems. In this case,
it is an equilibrium spin current without dissipation [19].
Although such a spin current is detectable according to
Sonin [20], it does not contribute to the transport prop-
erty in a set up where the spin current can flow in and
out.
On the other hand, superconducting spintronics is
an emerging field attracting recent interest [21–34].
Although the spin degrees of freedom are usually
quenched in singlet superconductors, the triplet compo-
nent can be finite in noncentrosymmetric superconduc-
tors, ferromagnet-superconductor hybrids and Joseph-
son junctions, or odd-parity superconductors, where the
spins become (partially) active. Therefore, it is an in-
triguing issue if one can generate a spin current in super-
conductors with zero or small dissipation. Actually, the
spin supercurrent has been discussed in He3 related to
the internal degrees of freedom [39]. Recently, Leurs et al.
[40] have reexamined the spin supercurrent in spin-orbit
coupled systems, and classified it to the coherent and
noncoherent parts, only the latter of which contributes
to the continuity equation of the spin density and its gen-
eration or manipulation is the focus of superconducting
spintronics.
The superconducting magnetoelectric effect [35–38] is
also a result of the spins of Cooper pairs being active. For
example, the spin density (or magnetization) induced by
a supercurrent has been discussed by Edelstein [35] in
the case where the Fermi energy is large compared to the
spin splitting by the Rashba interaction. Although this is
justified in many situations, there are also systems where
the spin-orbit splitting is comparable or even larger than
the Fermi energy, e.g., the interface between LaAlO3 and
SrTiO3 [41], where the electron density can be tuned by
gating. Therefore, it is desirable to cover the wide range
of parameters, e.g., chemical potential, the strength of
Rashba interaction, and temperature.
Here, we study spin density and spin current produced
by a superconducting current in a two-dimensional su-
perconductor with Rashba spin-orbit interaction for wide
parameter regions. We investigate in detail the proper-
ties of spin current in this system and find that the spin
current generation efficiency is comparable to or even
larger than that of normal state when normalized with
the charge current density. The spin current we discuss
here corresponds to the noncoherent part in the classifi-
cation by Leurs et al. [40] and hence contributes to the
spin accumulation, unlike the equilibrium spin current in
normal systems [19]. Furthermore, it is different from
those in other superconducting spintronic setups involv-
ing ferromagnet-superconductor hybrids where the spin
degrees of freedom of Cooper pairs become active due to
the presence of ferromagnets. In contrast, what we ob-
tain here is a bulk spin supercurrent induced by charge
supercurrent without time-reversal symmetry breaking of
the ground state. The spin degrees of freedom become
active because of the spin-orbit coupling and the flow of a
Cooper pair condensate. Similar to normal spin currents,
such a spin supercurrent may be detected by connect-
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2FIG. 1. Schematic pictures of the bands and the spin
current. (a) The schematic normal state band structure of
materials with Rashba splitting energy ER. E is the energy
eigenvalue and k is the magnitude of the wave vector. The
band edge is reached if the chemical potential µ = −ER.
(b) Cartoon picture showing the generation of magnetization
My and spin current J
y
x by a charge supercurrent Jx in a
two-dimensional superconductor (SC) with Rashba spin-orbit
interaction.
ing to a material that shows inverse spin Hall effect and
converts the injected spin currents into a transverse volt-
age. The study of the bulk spin supercurrent carried by
Cooper pairs is a significant step towards non-dissipative
spintronics.
RESULTS
Model
A two-dimensional superconductor (SC) with Rashba
spin-orbit interaction (SOI) can be described by the fol-
lowing Hamiltonian,
Hˆ0 =
∑
k
[(
~2k2
2m
− µ)c†s,kcs,k + α(σss′ × ~k) · zˆc†s,kcs′,k
+ ∆c†↑,kc
†
↓,−k + h.c.], (1)
where α is the Rashba SOI strength, ∆ is the SC order
parameter and σ = xˆσx+ yˆσy+ zˆσz is a spatial vector of
Pauli matrices. The constants m and ~ are the electron
mass and the Planck constant respectively. Summation
over implicit indexes is assumed.
Without superconductivity, the normal-state band
structure is schematically shown in FIG. 1(a). When
µ  ER, ER = mα2/2 being the Rasbha band splitting
energy, the Fermi level is far above the band touching
point. If µ = 0, the Fermi level cuts through this point
and the inner Fermi surface shrinks to a point. The band
bottom is reached when µ = −ER.
The superconductivity order parameter considered
here is spin-singlet s-wave. In systems with Rashba spin-
orbit interaction and superconductivity, s-wave may be
mixed with p-wave and a general theory should include
all of them. It has been shown that the actual amplitudes
of the two different pairing potential depend on the form
of the interaction [42, 43]. When only even-parity in-
teraction is considered, the p-wave order parameter van-
ishes. We assume pure s-wave order parameter in our
calculation for simplicity.
Although we do not assume any spin-triplet order
parameters in the Hamiltonian, the anomalous Green’s
function Fσσ′(ω,k) = (ψs+d·σ)iσy, which carries the full
information about the Cooper pairs, has both spin-singlet
part ψs and spin-triplet components d when spin-orbit
interaction is present [43]. As a result, the Cooper pairs
become spin-active due to SOI even though the pairing
potential is purely s-wave. When time reversal symme-
try is broken, such as by the supercurrent Jx ∼ qx in
our case, the spin of the Cooper pairs become polarized
and the polarization is given by S ∼ id × d∗ (more dis-
cussion in Supplementary Note 1). Since the pairs carry
both polarized spin and momentum, they generate spin
currents. This is illustrated schematically in FIG. 1(b).
To investigate the spin and charge properties, it is
convenient to introduce an SU(2) gauge field Wνσν
[40, 44, 45] along with the electromagnetic field A. Elec-
trons coupled with both fields are described by the
Hamiltonian
Hˆ =
∑
k
{[ 1
2m
(~k + eA− ~
2
Wνσν)2 − µ]ss′c†s,kcs′,k
+ ∆c†↑,kc
†
↓,−k + h.c.}. (2)
Apparently, the Rashba term in Hˆ0 breaks SU(2) sym-
metry. It is actually equivalent to a constant gauge field
(neglecting a numeric constant ) W¯ = (W¯ xy σ
x, W¯ yxσ
y, 0),
with W¯ xy = −W¯ yx = 2mα/~ [46]. In this formulism, the
spin current operator is conveniently defined as Jˆν =
∂Hˆ/∂Wν . Or, starting from the free energy, the spin
current can be obtained as Jν = −∂F/∂Wν .
When a uniform supercurrent is flowing (say along x-
direction), the SC order parameter acquires a constant
phase gradient, i.e. ∆ = ∆0 exp[2iqxx]. Or, by a gauge
transformation, it is equivalent to a constant vector po-
tential Ax = ~qx/e, which is effective only for SCs. Be-
fore showing the results, it is helpful to discuss the sym-
metry properties of the involved physical quantities. The
spin current (spin density) is odd (even) under spatial
inversion but even (odd) under time-reversal operation,
while charge current, or qx, is odd under both of them.
Consequently, the lowest order of the spin current is
Jν ∼ q2x and that of spin density is Mν ∼ qx. Both
of them must be odd functions of α.
Spin density and spin current
At zero temperature, the free energy F is just the
ground state energy. For arbitrary Rashba SOI strength
and chemical potential, the spin polarization is along y-
direction and the density is (derivation in the Methods
3=2
FIG. 2. Spin density and spin current density for a
given Cooper pair wave vector qx. (a) The spin density
My as a function of the chemical potential µ. The Rashba
splitting energy ER is used as the reference energy scale. (The
explicit dependence on the spin-orbit interaction strength is
shown in Supplementary Note 6.) Note that the band edge in
the normal state is reached when µ = −ER below which the
normal state is insulating. The inset shows the dependence
of the same quantity on the order parameter ∆ for chosen
values of µ. The quantity m is the electron mass and α is
the Rashba strength. (b) The spin current as a function of
chemical potential with various values of ∆. Peaks appear
near the band edge. The inset shows how the peak position
µpeak and peak height j
y
max/q
2
x change as we increase ∆. In
all the results of this paper, we have set the electron charge
e = 1 and the Planck constant ~ = 1.
section)
My =
mαqx
4pi
g(
∆
ER
,
µ+ ER
ER
), (3)
g(d, u) =
1
2
− 1
2
∫ 1
0
x2 − u√
d2 + (x2 − u)2
dx, (4)
where we have defined the Rashba splitting energy ER =
mα2/2. This is a generalized SC Edelstein effect [35]
in large-Rashba systems. The µ-dependence of the spin
density My is shown in FIG.2(a) with various values of
the pairing potential. When µ  ER  ∆, we get
My(µ  ER) = mαqx/4pi, in which the dependence on
µ is absent. When µ < 0, the spin density gradually
decreases as µ goes down.
In FIG.2(a), one readily notes that the spin density
remains finite when ∆ approaches zero. On the other
hand, if ∆ = 0, i.e. in a normal state, spin density due to
the vector potential must vanish since one can trivially
gauge out qx. Thus, there is a discontinuity in My/qx
at ∆ → 0. However, as we will see later, My actually
vanishes when ∆ decreases to zero since the supercurrent
Jx (and thus qx) also approaches zero, as discussed in
Supplementary Note 2. Also, this discontinuity is absent
at finite temperature, as shown in Supplementary Note 3.
The ∆-dependence of the function g is shown in the inset
of FIG. 2(a), where a finite value is obtained at ∆ → 0
for µ/ER > −1. In the limit ∆/ER → 0, Eq.(3) simply
becomes
My =
mαqx
4pi

1, when µ > 0,√
µ/ER + 1, when 0 > µ > −ER,
0, when µ < −ER.
(5)
Due to the form of the Rashba SOI, and as indicated by
the direction of the spin density obtained above, the only
non-vanishing spin current induced by the supercurrent
in x-direction is Jy. In the limit where the chemical
potential is high and the order parameter is small, i.e.
µ  ER  ∆, the spin current density is (derivation in
the Methods section)
jy+ = α~q2xxˆ/16pi, (6)
and all other spin current components vanish. This ex-
pression is independent of µ and ∆, similar to the spin
density discussed previously.
When −ER < µ < 0 and ∆ is small, the spin current
density can be written as
jy− =
α~q2x
32pi
f(
∆
ER
,
µ+ ER
ER
)xˆ, (7)
f(d, u) = −5√u+
∫ 1
0
d2(4x2 + 3)
[d2 + (x2 − u)2]3/2 dx. (8)
Particularly, when d = ∆/ER → 0, the function f(d, u)
simplifies to f(d → 0, u) = 3/√u −√u. Combined with
Eqs.(7), this leads to the same spin current density as
Eq.(6) when u = 1 (corresponding to the band crossing
point µ = 0). Also, the spin current increases because
of the increase of the density of states when the chem-
ical potential goes down until it reaches the band edge
at µ → −ER where it diverges, as shown by the dashed
curve in FIG.2(b). The two Fermi surfaces have the same
(opposite) spin textures and the contributions from the
two sub-bands add up (tend to cancel) when µ is nega-
tive (positive). While the spin current is similar to spin
density for large µ in the sense that they both keep con-
stant, it shows different behavior when µ < 0. Note that
the µ-dependence of spin current resembles the density
of states of the normal Rashba band, which also diverges
at the band edge.
For general parameters, the spin current of the SC is
calculated numerically and shown in FIG. 2(b). Because
4of finite ∆, the aforementioned divergence of the spin
current at the band edge is smoothed out while the spin
current at µ > 0 is hardly changed even the pairing po-
tential reaches 0.5ER. The change of the peak position
(µpeak) and peak height (j
y
max/q
2
x) as functions of ∆ are
shown in the inset of FIG.2(b). It turns out that the
peak position shifts almost linearly from the band edge
when the order parameter increases while the height of
the peak decreases in a nonlinearly.
Bose-Einstein condensation regime
When the chemical potential is below the band edge,
i.e. µ < −ER, the normal electronic state has no Fermi
surface and SC cannot happen in the weak coupling limit
of the Bardeen-Cooper-Schrieffer (BCS) theory. Assum-
ing that the SC exists, it must be in BEC regime where
electrons are tightly bond and the critical temperature
is determined by the Bose-Einstein condensation (BEC)
temperature [47, 48]. As shown in FIG.2, spin density
and spin current quickly drops to zero when µ < −ER if
∆ is small. However, when the pairing potential is large
and a BEC superconductor is achieved, they become fi-
nite. Especially, when −u  d and −u  1, a direct
expansion of Eq.(7) respect to d and u−1 gives g(d, u) ≈
1
8d
2/u2 = 18∆
2µ−2 and jyBEC = α~q2xd2(12pi)−1|u|−3xˆ.
Both the spin density and spin current show power-law
decay as µ decreases. Note that the discontinuity at
∆→ 0 does not appear when µ < −ER.
Efficiency
To relate our calculation to experiments, it is useful
to convert the wave vector qx to the supercurrent den-
sity jx. To calculate jx, we note that (charge) current
operator in a Rashba system is Jˆx = e
∫
d2k[ ~m (kx +
qx)− ασy]ss′c†s,kcs′,k. At T = 0, the usual paramagnetic
term vanishes while the diamagnetic term remains. The
last term proportional to α contributes a supercurrent of
eαMy/~. So the zero temperature supercurrent density
can be written as
jx = e~qxne(u)/m− 2eαMy/~
= [~ne(u)/m− g(d, u)ER/(pi~)]eqx. (9)
The quantity ne is the electron density. Eq.(9) may be
regarded as the generalized London equation for Rashba
systems.
Since jx ∼ qx, we define two coefficients
γ = My/jx, η = j
y/j2x, (10)
which denote the efficiency of spin density and spin-
current generation, respectively, for given charge current
density. They are shown in FIG.3. For large µ, both
the spin density and spin current decrease in power-law,
(b)
(a)
Normal state
Normal state
1+
1+
FIG. 3. Spin density My and spin current density j
y
for a given charge current density jx. (a) The logarithm
of spin density generation efficiency, defined as, γ = My/jx
as a function of the chemical potential µ for various values of
the superconductivity order parameter ∆. The black dashed
curve is for the normal state. (b) The logarithm of spin cur-
rent generation efficiency, defined as η = jy/j2x, as a func-
tion of the chemical potential µ for various values of the ∆.
The dashed colorful curves are for the quantity η0 = j
y
0/j
2
x
where jy0 = (jx/e)(My/ne) denotes a direction product of the
particle current (jx/e) and the spin polarization per particle
(My/ne). ne denotes the electron density and e is the electron
charge. The same color corresponds to the same value of ∆.
The insets are the log-log plot of η emphasizing the regime
with negative µ.
γ ∼ (µ + ER)−1, η ∼ (µ + ER)−2. When µ goes below
zero, both γ and η increase. Interestingly, if ∆ is small
compared to Rashba splitting, γ stays constant for µ < 0
until it reaches the band edge, below which it decreases
again. For spin current, the ratio η keep increasing be-
fore µ reaches the band edge. Below that, η decreases
very slowly. That means the efficiency of spin current
generation in the BEC regime is very high.
Relation between spin density and spin current
As shown above, the functional behaviors of the spin
density and spin current are similar in some parameter
regions but very different in others. To further clarify the
mechanism of the spin-current generation, we investigate
its relation to the spin polarization.
5When spin polarization is induced by supercurrent, we
may intuitively expect a spin current
jy0 = (My/ne)(jx/e) = η0j
2
x, (11)
which is just the particle current times the spin polar-
ization of each particle. Using Eq.(9−11) and Eq.(3), we
get η0 = γe/ne and γ =
mα~
4eER
g(d,u)
pi~2ne(u)/(mER)−g(d,u) . In
FIG.3(b), by comparing η (solid curves) with η0 (dashed
curves in corresponding colors), we find that the dif-
ferences between them are not small in general. Thus,
Eq.(11) does not fully describe the origin of the spin cur-
rent because the spin and momentum degrees of freedom
cannot be separated in systems with SOI.
Comparison to normal states
In normal dissipative Rashba systems, spin density [49]
and spin current [17, 18] can also be generated when an
external electric field E is applied. In such a case, the
coefficients γ and η are shown by the black dashed curves
in FIG.3. It turns out that the spin polarization efficiency
for SC state and that for normal state are almost the
same if ∆ is small. For spin current generation, η for
the SC state is smaller than the normal state in most of
the parameter regime. Only when µ is very close to the
band edge and ∆ is small, the SC state shows a higher
efficiency. The comparison of the normal state and the
SC state becomes clearer in the log-log plots as shown in
the insets of FIG.3. When µ < −ER, it is not possible
to pass a current in the normal state at T = 0. However,
there could be BEC SCs in this limit, which can carry
supercurrent and gives nonzero spin densities and spin
currents.
Although a dissipative normal system seems actually
better at generating spin current than its SC counterpart
for most of the parameter space, we should note that, in
the normal state, the spin current, as well as the charge
current, is generated by an electric field and suffers from
dissipation and heating, making it impossible to main-
tain long-range coherence. On the other hand, the spin
current in the SC state has very low dissipation (if any)
because it is purely due to the flow of a supercurrent. In
other words, it is the property of the Cooper pair con-
densate and long-range coherence is guaranteed, making
it a spin supercurrent [27, 50–52].
It should be emphasized that the spin current in a co-
herent system does not necessarily correspond to the co-
herent spin current as defined by Leurs et al. [40] as men-
tioned previously. In the formalism of non-Abelian gauge
fields, the spin current operator can be decomposed into
two parts, Jˆa = JˆaNC + Jˆ
a
C. The first term Jˆ
a
NC = JˆSˆ
a
is a direct product of the charge current operator and
the spin operator and is called non-coherent. The second
term JˆaC involves spin entanglement, according to Leurs
at al., and is called coherent. In our calculation, the spin
current operator is actually JˆaNC . Such spin supercur-
rent carried by Cooper pairs does induce spin transport
0.5 1.5
(a) (b)
FIG. 4. Temperature effect. (a) The spin density
(with a given Cooper pair wave vector qx) as a function
of temperature for various values of the chemical potential
µ. The Rashba splitting energy ER is used as the energy
scale. The superconductivity critical temperature is set to be
Tc = 0.1ER/kB with kB being the Boltzmann constant. (b)
The spin current density (with a given qx) as a function of
temperature for various values of the chemical potential µ.
and may be used to create new spintronic devices with
long-range coherence.
DISCUSSION
We have shown that a supercurrent in an supercon-
ductor with Rashba SOI can induce spin density and
spin current. Let’s take the interface between a LaAlO3
and a SrTiO3 as an example and estimate the realistic
magnitude of these effects. The critical current density
(2D) is ∼ 10−3A/cm, effective mass m∗ = 1.5me and
the super-fluid density ns ∼ 1013cm−2 [53]. Assuming
ER ∼ 10meV (α ∼ 105m/s) and replacing the electron
density ne by the super-fluid density ns, the second term
in Eq.(9) has the same order of magnitude as the first
term when the Fermi level is high, i.e. or u  1. For a
super-current density of jx ∼ 10−5A/cm, which is about
1/100 of the critical current density, the corresponding
qx ∼ 103m−1. Then, according to Eq.(6) and Eq.(3),
the spin current density jy ∼ 108~ · s−1cm−1 and spin
density My ∼ 107~ · cm−2. Converted to charge current
by replacing ~/2 by e, such a spin current corresponds
to an charge current density of ∼ 0.01nA/cm. This is
rather small. However, If the Fermi level is decreased,
say by gating [41, 54–56], and it is still superconducting,
the spin current can be enhanced by several orders of
magnitude as shown in FIG.3(b). In that case, it should
be detectable by inverse spin Hall effect [57], by connect-
ing the superconductor with a light-emitting diode [58],
or by other methods. Our results may be generalized
to other spin-orbit coupled systems where general prop-
erties of the Edelstein effect have been recently studied
[38].
Another important issue is the effect of finite temper-
ature which affects the results through both the Fermi
distribution of the quasi-particles and change of ∆. In
the following, we assume that the function ∆(T ) is de-
termined by the BCS theory. FIG.4(a) shows the spin
density as a function of temperature for different values
6of µ. Generally, the spin density starts to grow linearly
when T < Tc, and it saturates when T → 0. It is exactly
the same feature as the superfluid density ρs in stan-
dard BCS theory. This is no surprise since Eq.(9) indi-
cates that the spin density is part of the supercurrent.
When the Fermi level moves downward, the temperature
dependence remains the same. In FIG. 4(b), we show
the temperature dependence of the spin current. Further
discussion about temperature effect can be found in Sup-
plementary Note 3. The temperature dependence in the
case of normal state is shown in Supplementary Note 4
for comparison. The spin current generation efficiency
as a function of chemical potential is obtained for finite
temperature in Supplementary Note 5 which shows that
our conclusions are still valid.
One may also note that this system is a paradigm for
the study of topological superconductors. In fact, an
out-of-plane Zeeman field can drive it into a topological
phase with Majorana edge modes if µ ∼ 0. Then the
following questions become interesting: (1) What is the
spin current contributed by the edge modes, if any? (2)
How are topological phase transitions affected by the su-
percurrent? In fact, the second question has recently
been discussed but in a quasi-one-dimensional system
where it is found that a supercurrent shifts the topologi-
cal phase transitions [59]. Similar things may happen for
two-dimensional systems as well. In this way, one may
control topological phases by a supercurrent, achieving
new methods for coherent quantum-device manipulation.
To conclude, we have studied the spin and spin current
generation by the supercurrent in two-dimensional non-
centrosymmetric superconductor with Rashba spin-orbit
interaction. The spin degrees of freedom are partially ac-
tivated due to the noncentrosymmetry even when on-site
pairing between up and down spins is considered. When
the chemical potential is below the band crossing point
and approaching to the Band edge, i.e., in dilute electron
density limit, the large enhancement of the spin supercur-
rent generation occurs although the spin density is small.
The efficiency of the spin supercurrent does not decrease
so much even when the chemical potential is below the
band edge, i.e., in the BEC limit of the superconductiv-
ity. Furthermore, the carrier density can be controlled
there by gating, and the chemical potential dependence
can be studied experimentally. These studies will pave
a route toward the dissipationless superconducting spin-
tronics, where the transfer of spin information without
the energy loss is possible through the long range quan-
tum coherence of the system.
METHODS
Non-Abelian gauge fields and Rashba spin-orbit
interaction
The Hamiltonian with SU(2) gauge symmetry of free
electrons in magnetic field is
HˆN =
∑
k
c†s1,kHs1,s2(k)cs2,k, (12)
H(k) =
1
2m
(~k + eA− g¯Wνσν)2 + µBBνσν − µ, (13)
where A is the U(1) gauge potential of electromagnetic
field and Wν is the SU(2) gauge potential. The constant
µB denotes the Bohr magneton and σ
ν=1,2,3 are Pauli
matrices. The coefficient g¯ is a coupling constant to be
assigned later. Rashba SOI corresponds to the existence
of the following SU(2) gauge field [46],
g¯W¯ νi =
e~
mc2
ijνEj . (14)
Note that we have introduced the speed of light c and
the Levi-Civita symbol ijν . The Hamiltonian with this
gauge field can be rewritten as
H(k) =
1
2m
(~k + eA)2 +
1
2m
(W¯ νj σ
νW¯ γj σ
γ)
− 1
m
[(~ki + eAi)W¯ νi σν ] + µBBνσν − µ, (15)
=
1
2m
(~k + eA)2 +
e~Ej
m2c2
(~ki + eAi)jiνσν
+ µBB
νσν − µ+ 1
2m
W¯ νj W¯
ν
j , (16)
=
1
2m
(~k + eA)2 +
e~
m2c2
E · (~k + eA)× σ
+ µBB
νσν − µ+ 1
m
(
e~
mc2
)2|E|2. (17)
The second term describes the Rashba SOI. So, the
Rashba SOI will be included by assuming a constant
SU(2) gauge field W˜ν and the SU(2) gauge symmetric
Hamiltonian with certain Rashba strength becomes
HR(k) =
1
2m
[~k + eA− g¯(δWν + W¯ν)σν ]2 (18)
+µBB
νσν − µ, (19)
=
1
2m
(~k + eA− g¯δWνσν)2 + α(~k + eA)× σ (20)
+µBB
νσν − µ+ g¯
2
m
δW νj W¯
ν
j +
1
m
(
e~
mc2
)2|E|2. (21)
The last two terms are just constant energy shift due
to the electric field of the Rashba SOI, which we ignore
hereafter. Then we have
HR(k) =
1
2m
(~k + eA− g¯δWνσν)2 (22)
+α(~k + eA)× σ + µBBνσν − µ. (23)
7In order for the non-Abelian gauge field Wν to couple
with the spin, we set
g¯ = ~/2. (24)
Derivation of spin density
We calculate the spin density induced by the supercur-
rent, or by the vector potential A = (~qx/e)xˆ in Eq.(2),
using perturbation method. The perturbation Hamilto-
nian Hˆ ′ including both the test fields (Wν and B) and
the external field (A) is
Hˆ ′ = δHˆA1 + δHˆA2 + δHˆW + δHˆAW + δHˆB , (25)
with
δHˆA1 =
∑
k
[−~k · eA
m
δss′ + αe(Axσ
y)ss′ ]c
†
s,kcs′,k,
(26)
δHˆA2 =
∑
k
[−e
2|A|2
2m
δss′ ]c
†
s,kcs′,k, (27)
δHˆW =
∑
k
[
−~2
m
k · δWνσνss′ (28)
+ α~(δW yx − δW xy )δss′ ]c†s,kcs′,k, (29)
δHˆAW =
∑
k
[
e~
m
A · δWνσνss′ ]c†s,kcs′,k, (30)
δHˆB =
∑
k
µBB · σss′c†s,kcs′,k, (31)
which is composed of terms linear and quadratic in A
respectively, a term proportional to non-Abelian gauge
field Wν , a term bilinear in A and Wν , and the term
due to the field B. As mentioned previously, the spin
density My is linear in qx (or Ax) to the lowest order.
Consequently, we should calculate the contribution to the
free energy by Hˆ ′ up to the second order.
At zero temperature, the free energy is simply the
ground state energy.
F0 =
∑
k,±
Eh±(k) =
L2
4pi2
∫
Eh±(k)kdkdθ. (32)
The subscript h labels the hole bands, i.e. Eh±(k) < 0.
Here we ignored the energy due to Cooper pairs, assum-
ing that the order parameter is not affected by the per-
turbation term. The unperturbed energy spectrum of the
system is
E0e±(k) =
√
ξ±(k)2 + ∆2, (33)
E0h±(k) = −
√
ξ±(k)2 + ∆2. (34)
ξ± = ~
2k2
2m − µ ± α~k are the energy spectrum of the
normal Rashba bands. The lowest order term of the spin
density is from the bilinear term ∼ qxBi. Then, the
perturbation correction to the free energy is
δFM =
L2~Byqx
16pi
×∫ ∞
0
dk
(
ξ−(k)√
ξ−(k)2 + ∆2
− ξ+(k)√
ξ+(k)2 + ∆2
)
. (35)
The spin density is
My = − 1
L2
∂δFM
∂By
=
~qx
16pi
∫ ∞
0
dk
(
ξ+(k)√
ξ+(k)2 + ∆2
− ξ−(k)√
ξ−(k)2 + ∆2
)
.
(36)
After substituting the expressions of ξ± into the above
integral and defining k± = k ±mα/~, it becomes
My =
~qx
16pi
[
∫ ∞+αm~
αm
~
k2+~2
2m − (µ+ ER)√
∆2 +
(
k2+~2
2m − (µ+ ER)
)2 dk+
−
∫ ∞−αm~
−αm~
k2−~2
2m − (µ+ ER)√
∆2 +
(
k2−~2
2m − (µ+ ER)
)2 dk−]
(37)
=
~qx
16pi
αm
~
[
∫ ∞+1
1
x2 − u√
d2 + (x2 − u)2
dx
−
∫ ∞−1
−1
x2 − u√
d2 + (x2 − u)2
dx] (38)
=
~qx
16pi
αm
~
(2−
∫ 1
−1
x2 − u√
d2 + (x2 − u)2
dx) (39)
=
mαqx
4pi
g(d, u), (40)
with u = µ/ER + 1 and d = ∆/ER.
Derivation of spin current
Similar to the spin density derivation, we use pertur-
bation theory to obtain the correction to the free energy
δFJ . The difference here is that we need to go to the
third order perturbation due to the fact that the spin
current is quadratic in qx. After lengthy but straightfor-
ward calculation, the free energy correction is
δFJ =
∫ ∞
0
dk[F−(α)− F−(−α)], (41)
8The general form of the function F− is complicated. How-
ever, in the limit ∆→ 0, it becomes
F−(α) ≈ L
2q2xW
y
x
16pi2
{5pi~
2
8m
sgn(ξ − kα~)
− pik∆
2~3(4k~− αm)
8m2 [∆2 + (ξ − αk~)2]3/2
}. (42)
By change of integral variable from k to k− to x similar
to the previous calculation, the integral can be written
as
δFJ =− L
2kq2xW
y
x
16pi2
{−5pi~
2
4m
(k2 − k1)
+ piα~
∫ 1
0
2d2
(
x2 + 3/4
)[
d2 + (x2 − u)2
]3/2 dx
+
7piα~
4
(1 +
µ√
∆2 + µ2
)}. (43)
The spin current density is
jyx = −
∂δFJ
∂W yx
=
q2x
16pi2
{−5pi~
2
4m
(k2 − k1)
+ piα~
∫ 1
0
2d2
(
x2 + 3/4
)[
d2 + (x2 − u)2
]3/2 dx
+
7piα~
4
(1 +
µ√
∆2 + µ2
)}. (44)
We have defined two wave vectors k2 and k1 which de-
notes the Fermi wave number of the outer and inner
Fermi surfaces respectively.
k2 − k1 =
{
2αm/~, if µ > 0,
2
√
m(2µ+α2m)
~ , if − ER < µ < 0.
(45)
When µ is large, the integral of the second term is negli-
gible and the first and third terms lead to Eq.(6) of the
main text. When −ER < µ < 0, the third term becomes
negligible and Eqs.(7)-(8) are obtained.
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SUPPLEMENTARY NOTES
Supplementary Note 1. Triplet Cooper pairs and their polarization
Since the anomalous Greens function (or electron-hole propagator) can be written as,
Geh(ω, k) = (ψs + d · σ)iσy, (S1)
where d is the triplet component, we have ψs =
−i
2 Tr[Gehσy], dx =
−1
2 Tr[Gehσz], dy =
−i
2 Tr[Geh] and dz =
1
2Tr[Gehσx]. The spin polarization of the Cooper pair is obtained as
S ∼ i(d× d∗). (S2)
When SOC is present and time-reversal symmetry is preserved, S vanishes even though |d| is finite. The SOC induces
spinful triplet Cooper pairs. To polarize them, we need to break time-reversal symmetry. In our case, we break the
symmetry by driving a supercurrent which is proportional to qx. In the upper row of Supplementary Figure 1, the
Cooper pair polarization is shown in the momentum space for qx 6= 0 with µ  ER. (The perpendicular component
Sz vanishes everywhere.)
Supplementary Figure 1. Spin polarization of Cooper pairs in momentum space. Sz = 0 for all k. The perturbation qx and
other physical constants (m, ~, e, etc.) are set to be unity.
We see that the two Fermi surfaces (circles) form Cooper pairs with opposite spins. Also, for each Fermi surface,
Sx seems to cancel while Sy is finite. Actually, Sx must cancel out due to the mirror symmetry My which changes
the signs of ky and Sx. As a result, we obtain spin polarization along the y-direction.
For comparison, we show in the lower row of Supplementary Figure 1 the same quantities with a negative chemical
potential µ = −0.7ER. Cooper pairs from the inner Fermi circle are now polarized in the same direction as those
from the outer circle.
Since each spin-polarized Cooper pair has a momentum of qx, they carry a spin current.
Supplementary Note 2. The discontinuity at ∆ = 0 when T = 0
As mentioned in the main text, the coefficients jy/q2x and My/qx are finite when ∆→ 0. On the other hand, they
jump to zero at the exact point ∆ = 0 where we thus obtain a discontinuity. However, this does not mean that the
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Supplementary Figure 2. The effect of qx (or Ax) on the quasi-particle spectrum.
quantities jy and My are discontinuous at that point because the maximum meaningful value of qx actually vanishes
when ∆ goes to zero.
To understand this, we can look at the effect of qx, or the supercurrent, on the quasi-particle spectrum. At
zero temperature, the perturbation term affects the free energy by changing the energy spectrum of the states with
negative energies (assuming unchanged order parameter ∆). The fact that the quantities jy/q2x and My/qx are almost
independent of ∆ with large µ (such as shown in the inset of FIG.1 of the main text) indicates that the free energy is
not changed much by varying of the order parameter alone, as long as the spectrum remains gapped. The qx tilts the
spectrum as shown in Supplementary Figure 2. And when qx > qc, there is no energy gap and the superconductivity
is killed. This qc corresponds to nothing but the critical current of the superconductor. When ∆ → 0, the critical
current vanishes and qc → 0. Since qx < qc must be satisfied, qx vanishes when ∆ approaches zero. Consequently, jy
and My vanishes as well although j
y/q2x and My/qx remain finite.
Supplementary Note 3. Further discussion about finite temperature
Let us first discuss how the discontinuity in the zero-temperature results near ∆ = 0 is affected by finite temperature.
As an example, consider the case µ > 0 in which the spin polarization with finite temperature can be obtained as
M+y =
mqxα
8pi
(4−
∫
dx sech2[
1
2
√
(
∆
kBT
)2 + x2]). (S3)
The spin polarization only depends on the dimensionless parameter ∆/kRT . When ∆ = 0 and T 6= 0, M+y (∆/kBT =
0) = 0, which is consistent with our previous argument for the normal state. When ∆/kBT  1, it becomes a constant
M+y (∆/kBT →∞) = mαqx/2pi, consistent with Eq.(3). Thus, for T → 0 and small but nonzero ∆, ∆/kBT →∞ and
M+y is non-zero, which is the origin of discontinuity in the zero-temperature results.
Supplementary Figure 3 show My/qx and Jy/q
2
x as functions of ∆ for various temperatures and µ = 50. At ∆ = 0,
the quantities are actually zero for any nonzero temperature T > 0. And when ∆ is large, change of temperature
has no effect. However, the behavior at small ∆ is affected. For large temperature, they increase from zero at ∆ = 0
slowly. As temperature decreases, the curve becomes steeper near ∆ = 0. This leads to a infinitely steep curve when
T = 0, which is the discontinuity we discussed. This discontinuity is absent when µ < −ER. In this limit, as shown
in Supplementary Figure 4, decreasing of temperature does not lead to steeper curves. Instead, they converge to a
curve with finite slope. This is true for both spin density and spin current.
Supplementary Figure 5 shows the temperature dependence of My/qx and Jy/q
2
x for fixed order parameter. In
general, they saturate near T = 0 and decay to zero when temperature increases. Note that the dependence on µ of
jy is nonmonotonic, which can already be seen from FIG. 2(b) of the manuscript. The increase of jy as µ becomes
negative may be due to the change in the density of states, which increases as µ approaches the band bottom. When
µ becomes smaller than −ER, the density of normal states vanishes and jy decays.
Supplementary Note 4. The temperature dependence of the normal state spin density and spin current
The temperature-dependences of the spin density and spin current of the normal state are shown in the Supple-
mentary Figure 6. For the temperature below the superconductor temperature kRTc = 0.1, the normal state results
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Supplementary Figure 3. The dependence of My/qx and Jy/q
2
x on the order parameters ∆ for different temperatures with
µ = 50.
Supplementary Figure 4. The dependence of My/qx and Jy/q
2
x on the order parameters ∆ for different temperatures with
µ = −1.2.
are almost independent of T. This is because the temperature in this range is already low enough compared to any
other energy scales in the normal state. Results at higher temperature has been obtained by two of the authors in a
previous paper [Hamamoto et al., Phys. Rev. B 95, 224430 (2017)]
Supplementary Note 5. The comparison of spin current efficiency between superconducting states and
normal states at finite temperature
In Supplementary Figure 7, we compare the spin current efficiency of the superconducting state and that of normal
state for various temperatures. For superconducting states, the increase of temperature enhances the spin supercurrent
generation efficiency, as long as T < Tc. This is because the charge supercurrent (the denominator) decreases faster
than the spin supercurrent (the numerator) as T increases. The story for the normal state is different, where is
Supplementary Figure 5. The temperature dependence of My/qx and Jy/q
2
x for fixed ∆ = 0.1 and various values of µ.
.
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Supplementary Figure 6. The temperature dependence of the normal state spin density (left) and spin current (right). Note
that the wave number qx in the normal state is to be understood as the shift of the momentum due to the external electric
field.
Supplementary Figure 7. The spin current efficiency = jy/j2x for the superconducting state (solid curves) and for the normal
state as functions of chemical potential at various temperatures. We set kRTc = ∆T=0/1.76 = 0.057 so that ∆T=0 = 0.1 and
the blue solid curve here (very small T) approaches the blue solid curve (T=0) in FIG.3(b) of the manuscript.
independent of temperature when (µ + ER)/(kRT )  1. This is because the temperature scale we consider here is
much smaller than any other energy scales of the normal system and it is basically the same as zero-temperature
result. When is around or below the band bottom, i.e. µ/ER ≤ −1, the temperature dependence becomes clear.
Particularly, due to the thermal fluctuation, we obtain finite value even below the band bottom. It is clear from
Supplementary Figure 7 that the superconducting spin supercurrent efficiency exceeds that of normal states near the
band bottom at non-zero temperatures below Tc.
Supplementary Note 6. Dependence on SOC strength
In Supplementary Figure 8, we show the dependence on SOC strength explicitly (∆ = 0.1).
The dependence of the spin polarization on the Rashba splitting energy (Left) is monotonic — larger SOC gives
larger polarization. Such monotonic behavior can also be seen in Eq. (5) of the manuscript. The dependence of spin
supercurrent on SOC strength (Right) is more complicated. We find non-monotonic dependence on SOC strength
when µ < 0. The optimal region is near the band bottom, i.e. ER ≈ |µ|.
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Supplementary Figure 8. Dependence of My (Left) and J
y (Right) on SOC strength.
